Nonlinearity in macroscopic mechanical system plays a crucial role in a wide variety of applications, including signal transduction and processing 1-8 , synchronization 9-11 , and building logical devices 12-14 . However, it is difficult to generate nonlinearity due to the fact that macroscopic mechanical systems follow the Hooke's law and response linearly to external force, unless strong *
drive is used. Here we propose and experimentally realize a record-high nonlinear response in macroscopic mechanical system by exploring the anharmonicity in deforming a single chemical bond. We then demonstrate the tunability of nonlinear response by precisely controlling the chemical bonding interaction, and realize a cubic elastic constant of 2 × 10 18 N/m 3 , many orders of magnitude larger in strength than reported previously 7, [15] [16] [17] [18] [19] [20] . This enables us to observe vibrational bistate transitions of the resonator driven by the weak Brownian thermal noise at 6 K. This method can be flexibly applied to a variety of mechanical systems to improve nonlinear responses, and can be used, with further improvements, to explore macroscopic quantum mechanics [21] [22] [23] [24] [25] [26] .
Nonlinearity dynamics of a macroscopic mechanical resonator can be modelled by a Duffing oscillator. Its equation of motion under external drive can be expressed as:
mẍ + γẋ + kx + αx 3 = F drive cos(ωt).
Here m, γ and k are the mass, dissipation rate and linear spring constant of the resonator, and αx 3 is the Duffing nonlinearity with α the Duffing constant (cubic elastic constant). Under weak drive, the nonlinear response is negligible due to its cubic dependence of amplitude x of the resonator, and the resonator behaves like a simple harmonic oscillator. This is the well-known Hooke's law of elasticity 27 . On the other hand, under strong enough drive, nontrivial dynamics of the resonator emerges. A famous example is the existence of Euler instability where bifurcation occurs when the drive strength reaches a certain threshold F c . Since the intrinsic Duffing constant in macroscopic mechanical systems is weak 28 , and as F c is reversely proportional to √ α, very strong drive is needed in order to explore the Duffing nonlinearity for applications 27 . This brings in various unfavorable factors: it leads to high power consumption 12, 13 , and moreover, strong drive brings in strong parametric noise far beyond the Brownian thermal noise even at room temperature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . A method to enhance substantially the Duffing constant α for a macroscopic systems beyond its intrinsic limit is therefore of paramount importance.
Our system consists of a macroscopic mechanical resonator tightened to an anchor via a chemical bonding structure shown schematically in Fig. 1a . Strong nonlinearity is achieved when the resonator moves in the x-direction, deforming the chemical bond. This is because, although the resonator alone follows the elasticity theory with linear dynamics, the response of the chemical bond is highly anharmonic. This is confirmed by the chemical bond's energy curve U chem (x) (Fig. 1b) obtained by density functional theory calculations (see Methods for details). For simplicity, we have set for the minimum of U chem (x) (Fig. 1b) as x = 0.
By applying on the chemical bond an external control force F , the resonator's equilibrium position can be shifted, and the spring constant will be modified by
As shown in Fig. 1c , when the resonator's equilibrium position is far away from the atom contact, the chemical bonding interaction is weak.
When we tune the control force, i.e., shift the resonator's equilibrium position towards x = 0, the strength of ∆k first reaches a local maximum and then drops to zero at the place where the chemical bonding attraction reaches maximum. The
Duffing constant from chemical bonding, i.e., α = −(1/6)∂ 4 U chem /∂x 4 , changes differently ( Fig. 1d) . Its strength reaches a local maximum, then drops to zero before approaching the maximum attraction point, and finally changes its sign and increases in strength. At the maximum attraction point, α = 2×10 22 N/m 3 , while ∆k is zero. Fig. 1e shows the threshold driving force F c as a function of the macroscopicity of the resonator (here characterized by the resonator's mass) with/without using the chemical bonding force induced nonlinearity. By introducing chem-ical bonding force at the maximum attraction point, F c can be reduced significantly. The term proportional to x 3 in the expansion of chemical bonding potential U chem (x) will generate a d.c. force as well as a second harmonic term of the drive signal, but they contribute nothing to bistate dynamics of our current interests.
While higher-order terms beyond the Duffing nonlinearity are negligible.
We demonstrate the above idea by using a macroscopic doubly clamped beam whose fundamental vibrational mode couples to a gold-atom contact, as shown in Fig. 2a . The atom contact is made by electric current migrations (see Methods) on a nano-bridge which anchors the beam to a stiff electrode (Fig. 2b ).
The dimensions of the beam is l × w × t = 50 µm × 1.5 µm × 0.51 µm. The mass of the beam is approximately 0.2 ng. The vibrations of the beam deform the gold-gold bonds of the contact along x direction. The beam has an intrinsic frequency ω 0 /2π = 1.58 MHz, a quality factor Q = 3100, and an intrinsic spring constant k 0 = 10 N/m. The device is placed in an ultrahigh vacuum chamber and has an environment temperature 6 K. 
with ξ ≈ 0.83 the shape constant of beam. In order to reliably obtain the Duffing constant from the data with noise, we have smoothed the α using a running average of 5 points. Fig. 3b plots α as a function of the change of spring constant ∆k. of the longer range, whose strength is however, small as shown in Fig. 3b .
We then set the control force at point c in Fig. 3b , and increase the driving strength to observe the nonlinear response of the beam. The observed hysteresis response is plotted in Fig. 3c . It is different from the hysteresis response of intrinsic nonlinearity due to the elongation of the beam, as shown in Fig. 3d . The observed hysteresis response in Fig. 3c shows an opposite direction, and the corresponding driving force is much weaker (about two orders smaller), indicating a negative and much stronger Duffing constant of the beam, as predicted by the theory 28 .
In the following we present a demonstration of a dynamical effect of the strong nonlinear response. It is known that noise can induce bistate transitions in a driven Duffing oscillator 29 . However, such transitions in macroscopic mechanical resonators are only observed by introducing strong artificial noise that is much large than the Brownian thermal noise at room temperature, due to weak intrinsic nonlinear response [1] [2] [3] [4] [5] [6] . We are able to observe in our system the bistate transitions activated by the Brownian thermal noise even at cryogenic temperatures. In doing so, we tune the control force to a point with the Duffing constant approximately Then, by using standard stochastic resonance theory (see Methods), we estimate the total force noise as S 30 which equals to 3.3 × 10 −16 N/ √ Hz. In the limit Ω approaching zero, the modulation becomes a perturbative force signal δF drive cos(ωt) added to the driving force with the same phase. In the rotating frame of the driving signal, the bistate dynamics is described by an over-damped double well whose shape is tuned by δF drive 29 , and becomes sensitive near the bifurcation point. By applying a weak force δF drive = 2 fN that is only several times larger than the resonator's Brownian thermal noise force, significantly change in the statistics distribution is observed, shown in Fig. 4c . The sensitivity of such response to external force is limited by the total force noise S F total . In our device, besides the thermal noise, parametric noise from the circuit also contributes to the total force noise, with the weak power density being S
We estimate that S F para is 11 dB below the S F th level, corresponds to a parametric noise temperature of 500 mK, and is mainly limited by our room temperature detection circuit (see Methods).
In conclusion, we have demonstrated a highly controllable nonlinearity in a macroscopic mechanical system, with its fluctuation dynamics dominated by Brownian thermal noise. The universal existence and the small scale of the chemical bonding force make our method applicable to current widely-used micro-and nano-mechanical systems in improving their nonlinear responses. With further improvements, nonlinearity induced quantum behaviors in macroscopic mechanics [21] [22] [23] [24] [25] [26] are foreseeable in the type of systems described here. 
where the dissipation rate γ = mω 0 /Q, the spring constant k = mω 2 0 , F drive (t) = F drive + δF drive cos(Ωt) is the amplitude modulated driving force, and F noise (t)
is the total noise with power density S F total . The minimum force that drives the system into the nonlinear regime where bifurcation occur is F c , with the corresponding vibration frequency being 2πω c , and the amplitude x c can be calculated from Eq. (3) 28 . Near the nonlinear bifurcation point, we transform this equation to an over-damped one by following the standard procedure 29 . For the case of modulation frequency Ω being much smaller than the decay rate ω 0 /Q of the system, the signal to noise ratio (SNR) is related to the system's noise power as
with x m the half of the vibration amplitude of the bistable states, δω the nonlinearity frequency induced shift from linear resonance peak, and γ k the measured random switching rate without modulation. So from the measured SNR we obtained S Phys. Lett. 75, 301-303 (1999) . The change in amplitude distribution can be understood using an effective double well potential (sketched in the inset). The total electrical parametric noise is 11 dB below the Brownian thermal noise in our experiment.
